We extend an earlier study of the baryon magnetic moments in chiral perturbation theory by the explicit inclusion of the spin-3/2 decuplet resonances. We find that the corrections induced by these heavier degrees of freedom are relatively small in a covariant framework where unphysical spin-1/2 modes are removed. Consequently, implementing the leading SU(3)-breaking corrections given by both the baryon and decuplet contributions, we obtain a description of the baryon-octet magnetic moments that is better than the Coleman-Glashow relations. Finally, we discuss the uncertainties and compare between heavy baryon and covariant approaches.
I. INTRODUCTION
In the limit that SU(3) is an exact flavor symmetry it is possible to relate the magnetic moments of the baryonoctet and the ΛΣ 0 transition to those of the proton and the neutron. These are the celebrated Coleman-Glashow formulas [1] . The improvement of this description requires the inclusion of a realistic SU(3)-breaking mechanism. The chiral perturbation theory (χPT) [2, 3, 4 ] is a proper framework to tackle this problem in a systematic fashion.
In the last decades several calculations of the SU(3)-breaking corrections using χPT have been performed. It was soon realized that the leading chiral terms overestimate these corrections [5] . Most of the calculations have been done in the context of heavy baryon (HB) χPT [6] , with [7, 8, 9] and without [10] the explicit inclusion of the decuplet resonances. In the HB approach it is necessary to work up to next-to-next-to-leading order (NNLO) to find a good agreement with data, although at the price of the predictiveness of the theory since at this level one has seven unknown low energy constants (LECs) to describe eight measured quantities. Other approaches like cut-off regularized χPT [11] and large N c calculations have been considered [12] .
The development of covariant χPT has been hampered by the problems in the power counting introduced by the baryon mass as a new large scale [3] . Calculations of the baryon magnetic moments in the covariant approach have become available only after the advent of the infrared (IR) [13] and the extended-on-mass-shell (EOMS) [14] renormalization schemes. In the IR case [15] at next-to-leading order (NLO) the description is even worse than in the HB approach and it becomes necessary to reach NNLO. On the other hand, it has been found that within the EOMS scheme up to NLO the agreement with the data is not only better than in HB and IR but also than the ColemanGlashow description [16] . In the latter work the differences at NLO among the three different χPT approaches have been investigated, and the importance of analyticity has been highlighted.
Nevertheless, in SU(3)-flavor χPT it is necessary to consider the contributions of the decuplet resonances since the typical scale for their onset δ = M D − M B ∼ 0.3 GeV is well below our expansion parameters m K and m η . The description of higher-spin (s ≥3/2) particles in a relativistic field theory is known to be problematic because of the presence of unphysical lower-spin components. For instance, in the Rarita-Schwinger (RS) formulation [17] adopted in this work, the field representation of a massive 3/2-particle is a vector-spinor ψ µ with two unphysical spin-1/2 components in addition to the spin-3/2 component. In the presence of interactions the unphysical degrees of freedom are known to lead to pathologies like non-positive definite commutators or acausal propagation for the coupling of the photon [18, 19, 20] . Equivalent problems in phenomenological hadronic interactions have also been largely discussed [21, 22, 23, 24, 25] . In the context of χPT one can use field redefinitions on the conventional chiral Lagrangians in order to cast the interactions in a form that is invariant under the transformation ψ µ → ψ µ + ∂ µ ǫ [26, 27, 28] . The resulting gauge symmetry ensures to keep active only the physical degrees of freedom [24] . Furthermore, there is abundant work concerning the inclusion of spin-3/2 resonances in the framework of baryonic effective field theories [29, 30, 31, 32] .
II. FORMALISM A. Chiral Lagrangians for the baryon-decuplet
The baryon-decuplet consists of a SU(3)-flavor multiplet of spin-3/2 resonances that we will represent with the Rarita-Schwinger field T µ ≡ T ade µ with the following associations:
with M D the decuplet-baryon mass and
In the last and following Lagrangians we sum over any repeated SU(3)-index denoted by latin characters a, b, c, . . ., and (X) a b denotes the element of row a and column b of the matrix representation of X.
The conventional lowest-order chiral Lagrangian for the interaction of the decuplet-and octet-baryons with the pseudoscalar mesons expanded up to one meson field is
where C is the φBD coupling, F φ the meson-decay constant and z is an off-shell parameter. An analysis of the constraint structure of the interacting theory of Eqs. (1, 2) yields z = −1 [21] . Nevertheless, the resulting interaction leads to well-known problems afflicting the relativistic quantum field theory of 3/2-spinors [22, 23, 24] . The alternative approach of demanding the effective Lagrangians to be spin-3/2-gauge invariant leads, after a field redefinition, to the "consistent" φBD interaction [24, 25] 
which is on-shell equivalent to Eq. (2). Besides, one obtains a second-order φφBB contact term
where R µν = iγ µνα ∂ α + M D γ µν and . . . denotes the trace in flavor space. The latter Lagrangian is interpreted as carrying the spin-1/2 content of the Lagrangian (2). This term is eliminated by absorbing it into suitable higher-order LECs.
B. Power Counting
We use the standard power counting where one assigns the chiral order n χP T = 4L − 2N M − N B + k kV k to a diagram with L loops, N M (N B ) internal meson (octet-and decuplet-baryon) propagators and V k vertices from kth order Lagrangians. In the covariant theory with the modified minimal subtraction method (M S), this rule is violated by lower-order analytical pieces. In order to recover the power counting we apply the EOMS renormalization prescription [14] . For the diagrams with internal decuplet-baryon lines we absorb into the LECs the terms breaking the power counting that are obtained expanding the loop-functions around the chiral limit.
Besides, the propagator corresponding to the RS action in d dimensions
has a problematic high-energy behavior [33] . In the context of an effective field theory, this is responsible for the appearance of d -4 singularities of a chiral order higher than the one naively expected using the power counting. These infinities would be absorbed by the proper counter-terms to be included at next orders. However, we do not include these terms explicitly but perform a M S-subtraction on them and study the residual regularization-scale dependence. 
C. Parameter values
The φBD coupling C = hA 2 √ 2 ≈ 1.0 is obtained by fitting ∆ → N π decay width [27] 2 . In the SU(3) context, the value of C can vary depending on the decay channel, with the one obtained from the ∆ → N π decay being the largest [34] . This fact is effectively taken into account in our present study by using an average F φ ≡ 1.17f π with f π = 92.4 MeV. Therefore, we use C = 1 in our present study unless otherwise stated. For the masses of the pseudoscalar mesons we take 6 , and from the diagrams with internal octet-baryons [16] . The calculation of the decuplet diagrams with the consistent couplings of Eq. (3) results iñ
with the coefficientsξ (a,b) listed in Table II (Appendix). The loop functions H (X) can be found in the Appendix in terms of Feynman-parameter integrals. The additional character that appears in the loop-functions of the diagram (c) indicates whether the seagull-diagram comes from the minimal substitution performed in the derivative of the meson fields (I) or of decuplet fields (II) in the consistent approach of Eq. (3).
In order to recover the power counting we apply the EOMS-scheme. After removing the O(p 2 ) ultraviolet divergences by the M S procedure, this is equivalent to redefine the two LECs obtained in [16] aŝ
where the functions f D,F (µ) can be found in the Appendix. These functions, as well as the loop-functions, depend on the regularization-scale µ. We use a value µ = 1 GeV and analyze below our results with respect to a moderate variation around this value. From the EOMS-renormalized loop-functionsĤ (X) one can then obtain the non-analytical pieces of the HB results assuming M D = M B + δ and applying that M B ∼ Λ χSB in what nowadays is known as the 
3 ) χPT calculations discussed in the text. Namely, we display the Heavy Baryon and the covariant-EOMS results both with (O+D) and without (O) the inclusion of dynamical decuplets. In the covariant case we show the numerical results obtained using the consistent couplings (3) and the conventional couplings (2) with z = −1. We also include the experimental values for reference [35] .
Heavy ǫ-expansion [30] . One finds that at NLO the only non-zero contribution comes from diagram (a), giving
in agreement with the result of [7] . Moreover, one obtains the decoupling of the decuplet resonances for the limit where M D → ∞. Indeed, one finds that the EOMS-renormalized loop-functions verify lim MD →∞Ĥ (X) = 0. We have also done the calculation using the conventional couplings of Eq. (2) with the choice z = −1. We found that the results of the seagull (c) of type I are the same in both approaches, whereas the diagram (b) with conventional couplings equals the same diagram (b) minus the seagull (c) of type II in the case of consistent couplings. The only difference between both calculations comes from diagram (a). If we subtract the corresponding loop-function obtained using consistent couplings H (a) from the one obtained with the conventional couplings H ′(a) we find
One can check that this is the contribution given by the tadpole Fig 1-(d) where the φφBB vertex is the one obtained from Eq. (4). Therefore, Eq. (8) is the higher-order contribution to the anomalous magnetic moments of the octet-baryons that is removed when using consistent couplings and interpreted as coming from unphysical degrees of freedom. Indeed, the difference between both approaches comes from diagram (a) for which the consistent couplings eliminate completely the spurious spin-1/2 components. On the other hand, both schemes include the non-consistent minimal γDD coupling. In this regard, we observe that the loop-contribution with this coupling gives the same result in both frameworks. Finally, notice also that lim MD →∞ δH (a) =0.
3
In Table I we show the numerical results for the baryon magnetic moments obtained by minimizingχ 2 = (µ th − µ expt ) 2 as a function of the LECs b D 6 and b F 6 renormalized as described before. We have not included the ΛΣ 0 transition moment in the fit and, therefore, it is a prediction. We compare the SU(3)-symmetric description and different χPT approaches providing the leading breaking corrections. Namely, we display the HB and the covariant-EOMS results both with (O+D) and without (O) the inclusion of dynamical decuplets. In the covariant case we show the numerical results obtained using the consistent couplings (3) and the conventional couplings (2) with z = −1. We also include the experimental values for reference [35] .
For the HB approach, one sees how the corrections of the dynamical baryon -octet and -decuplet go in the same direction and are of equivalent size. Consequently, the description obtained with only the baryon-octet, that already overestimated the SU(3)-breaking corrections, gets much worsened. In the covariant case we obtain two quite different results depending on whether we use the consistent or the conventional (z = −1) couplings. For the latter, we find that in general the corrections given by the decuplet resonances are quite large and tend to spoil the NLO improvement over the Coleman-Glashow description.
In the covariant formulation with consistent couplings, the decuplet contributions are small and added to the octet contributions provide an overall description of the same quality as that obtained with only octet-baryons within EOMS. In this case, we can study the convergence properties of the chiral series factorizing the tree-level at O(p 2 ) from the whole result up to O(p 3 ). We also separate the loop fraction into the octet (second number) and the decuplet (third number) parts in the parenthesis Among the set of sum-rules obtained by Caldi and Pagels [5] two of them survive up to the leading breaking corrections provided by any of the covariant χPT approaches considered. Namely, we found that our results verify
The first relation in combination with the assumed isospin symmetry is the cause of µ Λ = −µ Σ 0 in the results of Table  I . Experimentally, the two relations in Eq. (9) are satisfied rather accurately, 1.298(27)=1.226(8) for the first relation and 1.61(8)=1.472 (8) for the second. A combination of them produces the Okubo sum-rule [36] . The third sum-rule derived in [5] , although fulfilled in the HB expansions of our results (see Ref. [7] ), is broken when the relativistic corrections to the loops are included.
The comparison between the results of the three approaches to implement the decuplet resonances presented in this work deserves some comments. The covariant framework provides a much better description of the resonances effects than the HB one. For the results obtained in the latter, one is unavoidably led to wonder about the contributions of higher-mass resonances. In the covariant formulation, relativistic corrections in form of higher-order terms in the expansion on m/Λ χSB and δ/Λ χSB , are resummed in a way that preserves analyticity. However, in the covariant approach one faces the problem of the spurious degrees of freedom and their unphysical contributions. We identified above the term that produces the difference between the two covariant calculations, see Eqs. (4) and (8) . Moreover, we interpreted this difference in the context of the spin-3/2 gauge symmetry as a contribution of the spin-1/2 modes that are decoupled after applying a suitable field redefinition. In conclusion, the differences exhibited in Table I highlight the importance of settling a proper framework to implement the spin-3/2 resonances into an effective field theory.
In Fig. 2 we collect the uncertainties of the numerical results due to the values of the parameters used in this work. The graphs represent the dependence ofχ 2 on the regularization scale µ (left ), the baryon mass M B (center ) and the decuplet-octet mass splitting δ (right ) in HB (dotted line) and in the covariant formulation using conventional (dashed line) and consistent (thick solid line) couplings. We also show theχ 2 of the results without decuplet resonances in grey (solid and dotted for covariant and HB respectively) and of the SU(3)-symmetric description (horizontal thin solid line). The three graphs show that the results given in Table I are representative of those obtained for any other values of the parameters µ, M B and δ chosen within reasonable intervals. In particular, the first graph shows that the covariant calculation with consistent couplings improves the SU(3)-symmetric description for 0.7 GeV ≤ µ ≤ 1.3 GeV, being the best description for µ ∼ M N ≃0.94 GeV. From the second graph we conclude that the results are solid with respect to a variation of the average baryon mass and keeping δ = 0.231 GeV. We have observed numerically that the size of the decuplet contributions in the covariant case with consistent couplings decreases as δ increases and practically reaches the decoupling for δ ∼ 0.3 GeV. A manifestation of this can be seen in the right panel.
Finally we want to make also some comments on the problem of non-consistency of the minimal coupling of the photon to the RS-fields. There is not an accepted solution to this problem although it has been argued that the inclusion of a set of higher-order non-minimal terms could improve the situation by making the RS field to fulfill lowenergy unitarity and the constraint analysis in an approximated way [20] . To have some insight into the uncertainties that can be brought by the lack of consistency of the minimal coupling, we have added to our covariant results the contribution of diagram (b) of Figure 1 with the aforementioned non-minimal γDD coupling [20] . We find that the results do not change much, producing even a little improvement over those presented in Table I the consistent couplings, theχ 2 is reduced down to ∼0.20 and the values for the different magnetic moments change by less than 5%. The major effect is to reduce the scale dependence, enlarging the range of improvement over the Coleman-Glashow description to the interval of 0.5 GeV ≤ µ ≤ 1.8 GeV.
Further progress in the understanding of the baryon octet magnetic moments in χPT can be straightforwardly addressed at NNLO, although at the cost of the introduction of several new LECs that will harm the predictive power of the theory. Another promising line of work is the description of the electromagnetic structure of the decuplet resonances and of the decuplet-octet transitions using the covariant χPT approach described here and in Ref. [16] .
In summary, we have studied the leading SU(3)-breaking contributions to the baryon-octet magnetic moments produced by the explicit inclusion of the decuplet resonances in chiral perturbation theory. Special attention has been given to the comparison of results obtained using different descriptions of the spin-3/2 resonances. We have shown that the dependence of our results on the renormalization scale µ, the average baryon mass M B , and the decuplet-octet mass splitting is quite mild. Other aspects like the convergence of the chiral series, the decoupling of the decuplet resonances, and the validity of several SU(3) sum rules have also been examined. Particularly, we find that the improvement over the Coleman-Glashow description obtained with only octet-baryons [16] remains essentially unchanged after the proper inclusion of the decuplet resonances.
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V. APPENDIX
In the calculation of the loop diagrams, we have used the following d-dimensional integrals in Minkowski space:
with g α1...α2n s = g α1α2 . . . g α2n−1α2n + . . . a combination symmetrical with respect to the permutation of any pair of indices (with (2n − 1)!! terms in the sum). We will present the divergent part of the loops as the contact piece λ ε = 2/ε + log 4π − γ E , where ε = 4 − d and γ E ≃ 0.5772. (6) ] to the magnetic moments of the octet baryons.
